We study the effects of next-nearest-neighbor (NNN) interactions on the dynamics of the one-dimensional spin-1/2 transverse Ising model in the high-temperature limit. We use exact diagonalization to obtain the time-dependent transverse correlation function and the corresponding spectral density for a tagged spin. Our results for chains of 13 spins with periodic boundary conditions produce results which are valid in the infinite-size limit. In general we find that the NNN coupling produces slower dynamics accompanied by an enhancement of the central mode behavior. Even in the case of a strong transverse field, if the NNN coupling is sufficiently large, then there is a crossover from collective mode to central mode behavior. We also obtain several recurrants for the continued fraction representation of the relaxation function.
I. INTRODUCTION
The dynamical properties of quantum spin systems have been the subject of investigation for the past few decades [1] [2] [3] [4] [5] [6] [7] [8] . Recently, there has been an upsurge of interest in spin-1/2 systems, due largely to experiments with ultracold atoms trapped in optical lattices which mimic those systems. Most of the studies in optical lattices are concerned with static properties; however, the dynamical properties of lowdimensional spin-1/2 systems have already been studied in optical lattice settings [9] .
The transverse Ising (TI) model stands as one of the simplest quantum spin models with nontrivial spin dynamics. It was introduced in the early 1960s as a theoretical model to study order-disorder transitions in double-well ferroelectric systems such as KH 2 PO 4 and its deuterated form KD 2 PO 4 (KDP) crystals [10, 11] and in PbH PO 4 [12] . The magnetic insulator LiHoF 4 is another system that can be described by the TI model [13] . Theoretical efforts have revealed some interesting phenomena in those systems, such as the appearance of central modes, collective modes, anomalous diffusion, etc. Exact results have also been obtained for the dynamical correlation functions in the TI and XY models for one-dimensional (1D) lattices at infinite temperatures [14] [15] [16] [17] .
Experimental realizations of 1D quantum magnetic chains have been observed in a variety of compounds, * pcolares@ufv.br † pla@physast.uga.edu ‡ bonfim@up.edu § jfj@if.uff.br tetramethylammonium-manganese-trichloride (TMMC) being a typical example [18, 19] , as well as some onedimensional ladder structures such as (VO) 2 P 2 O 7 [20] and Cu 2 (C 5 H 12 N 2 ) 2 Cl 4 [21] . The magnetic compound CoNb 2 O 6 is an experimental realization of the TI model that shows a quantum phase transition at zero temperature [22, 23] . Recent experiments with ultracold atoms trapped in optical lattices have introduced novel realizations of spin-1/2 systems, such as ferromagnetic Heisenberg quantum magnets [9] and fermionic quantum gases [24] [25] [26] .
In real magnetic systems the interactions may not be between neighboring spins only. Next-nearest-neighbor (NNN) interactions may play an important role and should be included for a more realistic picture. The model that adds NNN interactions to the TI model is known as the transverse anisotropic next-nearest-neighbor Ising (ANNNI) model [27] . At T = 0, this model displays a rich phase diagram with ferromagnetic or antiferromagnetic phases, disordered or paramagnetic phases, and floating phases [28] [29] [30] .
In the present paper we are interested in the role of the NNN interactions on the dynamics of the transverse ANNNI model. This problem has been studied earlier using the method of recurrence relations [31, 32] . The short-time behavior of the time-dependent spin correlation function is well understood. Our numerical method yields results which are valid at much longer times. In addition, our calculations show that the important features of the spectral densities at the thermodynamic limit are already contained in our results.
In the study of spin dynamics, both the time-dependent autocorrelation function and the spectral density play important roles. The latter is related to the experimental crosssection of forward inelastic neutron scattering in real spin systems.
Several approaches have been used to calculate these quantities, including exact diagonalization [33] [34] [35] and the method of recurrence relations [8, 17, [36] [37] [38] . The latter has also been applied to electron gases [39] , velocity autocorrelation functions of many-body systems [40] , and harmonic oscillator chains [41, 42] .
In the exact diagonalization method, one numerically finds all of the eigenvalues and eigenstates of the Hamiltonian in order to determine the dynamic correlation functions of the system. Since the number of states increases exponentially with the size of the system L, numerical efforts are limited to systems with relatively small sizes. Even with such restrictions, these methods have produced reliable results when compared with known exact results.
On the other hand, the method of recurrence relations produces analytic results for the dynamic correlation functions of interest. There are a few instances where the recurrence relations method produces exact results, such as in the TI and XY models [17] , as well as in harmonic oscillator chains [41, 42] . It does not require explicit knowledge of the eigenvalues and eigenstates of the Hamiltonian. However, one must determine the recurrants, which are essential to the method. They are the coefficients of a continued fraction representation of the Laplace transform of the correlation function [7, 8] .
The analytical calculation of the recurrants is usually very time-consuming, and, consequently, only a few of them are obtained in general. In those cases, the time-dependent correlation function is written as a short-time expansion. In order to extend the time domain, more recurrants are needed. Often one needs to devise a termination procedure for the continued fraction. Several approaches along this line have been used in the literature [1, 5, 6, [43] [44] [45] [46] . Given that the known exact recurrants are needed to form the basis of the termination scheme, the knowledge of as many recurrants as possible is a desirable condition for the construction of a reliable approximation to the continued fraction representation of the dynamic correlation functions. This paper is organized as follows. In Sec. II we present the model and give a review of the method of exact diagonalization. In Sec. III we present a short account of the method of recurrence relations. In Sec. IV we discuss our results for the dynamical correlation functions. In Sec. V we show our numerical results for the recurrants of the method of recurrencer relations, and, finally, we summarize our findings in Sec. VI.
II. MODEL AND EXACT DIAGONALIZATION
The spin-1/2 transverse ANNNI model for a chain of L spins is defined by the Hamiltonian: The time-dependent transverse correlation function of a tagged spin at site j is defined as
where σ x j (t) = exp(iH t)σ x j exp(−iH t), = 1, and the brackets denote a canonical average. At the infinite-temperature limit (T = ∞) all states contribute with the same statistical weight. The correlation function is given by
Here C(t) is both real and even in t. Also, its time derivative is zero at t = 0. Its Taylor expansion about t = 0 can be written as
The moments μ 2k are defined in terms of a trace over iterated commutators,
where L is the Liouville operator,
A is an operator, and H is the Hamiltonian. In terms of the energies and eigenstates of the Hamiltonian, H |n = E n |n , the correlation function assumes the form:
The moments are now given by
Another quantity of interest is the spectral density S(ω), given by the time Fourier transform of C(t),
By using Eq. (7) the spectral density reads
In our numerical calculations, the Dirac δ functions are approximated by rectangles of width a and unit area, centered at the zeros of their arguments. The width a can be adjusted to reduce fluctuations. However, that does not change the general shape of the spectral density S(ω). Numerical evaluation of the eigenstates and eigenvalues of the Hamiltonian allows us to directly evaluate both the time-dependent correlation function, Eq. (7), and the spectral density, Eq. (10).
III. METHOD OF THE RECURRENCE RELATIONS
The time evolution of an operator A in the Heisenberg representation, A(t) = exp(iH t)Aexp(−iH t), in a system governed by a Hamiltonian H , is cast as the expansion
where f ν 's are orthogonal basis vectors spanning a ddimensional Hilbert space S. In general, these vectors are not normalized. In the infinite-temperature limit, the scalar product in S can be defined by
where Z is the canonical partition function. Consider the time evolution of a tagged spin at site j . Thus we set A(t) ≡ σ x j (t) in Eq. (11) 
with L defined in Eq. (6), 0 ≡ 1, f −1 ≡ 0, and
are called recurrants, which are obtained from the ratio of the norms of the basis vectors in S. Therefore they are positive definite.
The time-dependent coefficients c ν (t) are determined from the second recurrence relation (RRII):
where c −1 (t) ≡ 0. According to RRII, the time dependence is determined entirely from the ν 's, hence the importance of accurate and reliable knowledge of them. The recurrants can be used for the characterization of infrared singularities in spectral densities [46] . Furthermore, they can help to understand how correlation functions of very different systems may sometimes exhibit the very same time dependence [47] .
To proceed further, it is convenient to obtain the Laplace transform of RRII,
where
In particular, a 0 (z), also known as the relaxation function, is defined by:
It follows from Eqs. (16) and (17) that a 0 (z) can assume the form of a continued fraction,
The spectral density S(ω) can be obtained from a 0 (z) by using the relation
There are also conversion formulas connecting the recurrants to the moments [6] . Without loss of generality we set μ 0 = 1, which is consistent with the normalized time-dependent correlation function defined in Eq. (2) . Once the the first moments are known up to order 2k, the conversion formulas yield the first k recurrants 1 , . . . , k . Then one obtains 1 = μ 2 ,
IV. RESULTS FOR THE DYNAMICAL CORRELATION FUNCTIONS
Consider first the TI model defined in Eq. (1) with B = 1 and J 2 = 0. In this case the dynamical correlation functions for the infinite system are known exactly in the high-temperature limit [16, 17] . Figure 1 shows our numerical results for the time-dependent correlation function for B = 1 and several lattice sizes. The results agree very well with the exact result of the infinite system, C(t) = exp(−2J 2 t 2 ). Notice the logarithmic scale for C(t), which magnifies the differences between the numerical finite chain results and the known exact result. The region of agreement between infinite and finite chains is extended as L increases. For example, the smallest size shown L = 9 agrees very well up to t = 3.3, whereas the largest size L = 13 is very close to the exact result up to approximately t = 4.1. The discrepancy is about one part in 10 14 for longer times. The corresponding spectral densities are depicted in Fig. 2 , which shows our results for finite chains and the exact Gaussian result S(ω) = π/2J 2 exp(−ω 2 /8J 2 ) for L = ∞. Notice that the curve for L = 13 shows excellent agreement throughout the frequency range. Throughout the paper we use J = 1 as the unit of energy.
Our results were obtained by using Eq. (10), where we approximate the Dirac δ functions by a rectangle of unit area and width a = 0. We now turn to the transverse ANNNI model. Our calculations were done in the high-temperature limit. We consider the cases B = 0.5, B = 1.0, and B = 2.0, which are representative values of the energy couplings of the TI model.
We first consider the influence of NNN interactions for the case B = 0.5. In Fig. 3 , the time-dependent correlation function is plotted for several values of J 2 . The curves were obtained for the chain sizes L = 12 and 13. They agree very well with each other in the time interval displayed in the figure. Results will not change noticeably in the scale of the figure if we use larger lattices. Hence we believe we have achieved thermodynamic limit results with relatively small lattices (up to L = 13). We can see from the figure that the relevant structures in C(t) are already displayed in our results for finite-sized lattices. The wavering on the curves of C(t) for the cases J 2 = 0.5, 1.0, and 2.0 as well as the two crossings between the plots for J 2 = 0.5 and 1.0 are real and will not change for larger systems. These results will remain unchanged for systems at the thermodynamic limit. Our results show that C(t) decays at slower rates as J 2 increases.
The spectral density is depicted in Fig. 4 , which was obtained for a chain of L = 13. Smaller-sized lattices produce essentially the same results, but with larger oscillations. Those oscillations are a finite-size effect and do not survive in the there is a sharp increase of the central peak around ω = 0. Again, central mode behavior becomes dominant.
Finally, we consider the case B = 2.0. The time-dependent correlation function is shown in Fig. 7 for several NNN interaction energies J 2 . For small NNN couplings the dynamics TABLE II. Recurrants for the transverse ANNNI model for B = 0.5 and several NNN couplings at the thermodynamic limit. Table III). is dominated by the collective mode with well-defined oscillatory behavior. As J 2 increases, a crossover from collective to central mode behavior takes place. This is best seen in Fig. 8, which shows the spectral function. The crossover occurs, approximately, in the range 1.0 < J 2 < 2.0.
V. NUMERICAL EVALUATION OF THE RECURRANTS
In the spin-1/2 transverse ANNNI model in 1D at infinite temperature, the first 5 analytic results [31] and the first 9 numerical results [32] for the recurrants are known. By using exact diagonalization we obtain between 18 and 31 recurrants with varying degrees of accuracy.
In Table I we report our numerical results for B = J 2 = 1.0 and system sizes L = 11, 12, and 13. The first recurrants for these lattice sizes have already converged to their thermodynamic values (L = ∞), which are displayed in the last column. For ν 13, there is a gradual reduction in the accuracy of the thermodynamic recurrants, such that the highestorder reported, 18 , contains only a single significant digit. Figure 9 shows the results from exact diagonalization given in Table I for L = 12 and 13.
Our main results for the recurrants are presented in Tables II, III , and IV for the cases B = 0.5, B = 1.0, and B = 2.0, respectively. These are already the values of the recurrants for infinite systems, free from finite-size effects.
In Fig. 10 we show the recurrants for the case B = 1.0 and several NNN couplings. The case J 2 = 0 reproduces the known result of the TI model, with linear dependence of ν with ν. In our numerical work with L = 13 spins, we obtain the first 20 exact or near exact recurrants. One of the effects of increasing J 2 is that the recurrants increase at a higher rate, on the average. In addition, no clear pattern can be inferred from the first recurrants shown in the figure. It may prove very difficult to devise a reliable extrapolation scheme for large values of J 2 , especially due to the seemingly erratic oscillations of the 's in those cases. In the case J 2 = 4.0, a power-law fit using the data of the figure yields ν ∼ ν 1.5 , which is slower than a quadratic growth, with its known problems associated with the convergence of the continued fractions, as discussed by Sen [48] . As can be seen in Figs. 5 and 6(b), both timedependent correlation function and the spectral density for that case are obtained without any problems by using the method of exact diagonalization. Furthermore, as we saw earlier, direct results from exact diagonalization of a chain with size L = 13 already provide a good quantitative picture for the dynamic correlation functions of the infinite system (L → ∞).
VI. SUMMARY
We have studied the dynamics of the 1D transverse ANNNI model at the high temperature limit by using exact diagonalization of finite chains. We determined the timedependent spin correlation function and the associated spectral density for chains with sizes up to L = 13 with periodic boundary conditions. Our results closely approximate to the exact thermodynamic ones and are free from finite-size effects. NNN couplings produce slower time decays for the correlation functions, as well as an enhancement in the central mode behavior. For the case where the applied transverse field is sufficiently large, an increase in the NNN coupling produces a crossover from collective mode (dominated by the transverse field) to central mode behavior. We also obtained several additional recurrants, more than doubling the number of those already known in the literature.
